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Abstract 

When an M-theory fivebrane wraps a holomorphic surface V in a Calabi-Yau 3-fold X 
the low energy dynamics is that of a black string in 5 dimensional Af = 1 supergravity. 
The infrared dynamics on the string worldsheet is an A/" = (0, 4) 2D conformal field theory. 
Assuming the 2D CFT can be described as a nonlinear sigma model, we describe the target 
space geometry of this model in terms of the data of X and V. Variations of weight two 
Hodge structures enter the construction of the model in an interesting way. 
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1. Introduction 

D-brane and M-brane models of black holes have provided an extremely intriguing 
approach to an understanding of black hole entropy [|l|] and promise to lead to important 
insights in other aspects of black hole physics. 

The program of Strominger and Vafa is based on mapping the low energy dynamics 
of certain configurations of branes to the conformal field theory of an effective string. The 
derivation of this conformal field theory is best understood (and already quite subtle) for 
black holes in backgrounds preserving 16 supersymmetries, such as IIB compactification 
on K?> X S^. In this paper we will investigate an analogous conformal field theory for 4D 
black holes in backgrounds with 8 unbroken supersymmetries. 

Specifically, in this paper we continue the investigation of the microscopic dynamics 
of wrapped five-branes following the work of Maldacena, Strominger, and Witten 0. We 
consider M-theory compactifications on IR^'*^ x x X where X is a nonsingular compact 
Calabi-Yau 3-fold. The radius of is taken to be large with respect to the length scale 
set by X , which is in turn large compared to the IID Planck scale. We usually will take 
the background 3-form C^^^ to vanish. If an M5-brane worldvolume Wq wraps IR x S"^ x P, 
where P is a four-manifold V G X then the resulting object is a string S with worldsheet 
W2 wrapping IR x S"^ in IR^'"^ x S^. At long distances the supergravity background is that 
of a black hole in IR^'"^ with 8 unbroken supersymmetries at infinity. The 4-manifold V 
must be a holomorphically embedded complex surface to preserve supersymmetry. In this 
case the low energy dynamics of the string S is described by a (0, 4) CFT and the number 
of massless boson and fermion degrees of freedom can be expressed purely in terms of the 
topology of V and of its embedding into X |^ . 

Knowing the number of massless degrees of freedom suffices to determine the entropy 
microscopically, but for many purposes one would certainly like to know the data of the 
(0, 4) conformal field theory of S in much more detail. The object of this paper is to express 
this data in terms of the data of the ambient Calabi-Yau geometry and the topology and 
geometry of V. 

In this introduction we summarize the structure of the sigma model that we will find. 
The detailed justification is described in the subsequent sections. Much of what we say is 
implicitly (and sometimes explicitly) described in [|2|. Let us begin with the overall count 
of the degrees of freedom. In a supersymmetric configuration the surface "P is a divisor 
for a holomorphic line bundle C over X. Let P = [V] & H'^[X;'S.) be the first Chern 
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class of L. It is Poincare dual to the 4-cycle defined by V . Macroscopically, in the 5D 
supergravity obtained from M theory on X, the string is a black string and P is the charge 
of the string. Using index theory and holomorphic geometry P] computed the left- and 
right-moving central charges: 

= 6D + -C2 ■ P 

2 (1.1) 

CL = 6L> + C2 • P, 

where D := ^ fx ^ii^d C2 ■ P ■= /^Pc2(TX), verifying microscopically the entropy 
computed macroscopically in [Q. These central charges can also be obtained from the 
requirement of the complete anomaly cancellation in five dimensions . 

We now describe some of the local geometry of the target space. This is obtained by 
considering the collective coordinates of the wrapped Sbrane. These include the collec- 
tive coordinates associated to the 5 scalars X"- and the chiral two-form j3 of the 5-brane 
worldvolume tensormultiplet. 

We begin with the collective coordinates (f associated to the five scalars. The space 
of supersymmetric wrappings of charge P is the set of divisors in X in the class P. This 
is called a "linear system" because all divisors are zero-loci of global holomorphic sections 
of £, and the latter is a linear space. Of course two sections related by a multiplicative 
constant have the same divisor, so the linear system is just a projective space 

\P\ := WH^{V, C\r) = CP^. (1.2) 

Assuming P is a smooth ample divisor, as we should to apply classical geometry P], the 



Riemann-Roch formula gives the dimension of the linear system (|1.2 



N ■.^D + ^C2-P-1. (1.3) 

Taking into account the position in noncompact IR"^, the target space of the scalars is 

if :W2 X \P\. (1.4) 

In this paper we will make the important restriction that the fivebrane wraps a smooth 
4-cycle V. Thus if V is the discriminant locus of singular divisors in the linear system we 
restrict to maps (f> with image in 

\PU:=\P\-V. (1.5) 
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Moreover, because of monodromy, we will even restrict attention to maps into a local 
neighborhood U C \P\s- 

Now we consider the collective coordinates arising from the chiral two-form (3 on 
worldvolumes of the form = W2 x V. The massless modes are associated with harmonic 
two-forms on V. Since the form is chiral there are 6^ := 6^(7^) left-moving and 6 J := 
right-moving chiral bosons. Moreover, as shown in 0, one can express these topological 
invariants of V in terms of D and C2- P- 

= 4D + lc2-P-l 

1 (1.6) 
b+ = 2D + -C2-P-1 

D 

If hi(V) = (which follows if bi{X) = 0) the only fermions are rightmoving. These 
pair up to form 

D + ^C2-P (1.7) 

A/" = (0, 4) scalar multiplets with both left- and right- moving scalars. In addition there 
are real purely leftmoving scalars neutral under supersymmetry. Since 

N = D + ^C2-P-l = l{b+-l) (1.8) 

there are |cr('P)| = (^) ~ ^tC^) such scalars. 

Let us now consider the scalars from the chiral two-form in more detail. The splitting 
into left-movers and right-movers follows from the decomposition 

H^{V;M) = H^'-{V,M) ® H^'+{V;M) (1.9) 

into anti-self-dual and self-dual parts respectively. Since V is Kahler we may further 
decompose 

if2'+(P; R) = [H^^^iV) © if°'2(P)]R © IR ■ J (1.10) 

where J is the Kahler class of V induced by that of X, while H^'~{V;M) is purely of 
Hodge type (1, 1). A crucial point is that the splitting (|1.9|) ( P-.10|) depends on V (i.e., on 
the values of 99), and hence on the (weight two) Hodge structure of H^iV^'K). Thus, a 
natural framework for working with the (0, 4) model is the theory of variation of Hodge 
structures. (See the references in for some useful background material.) 

^ We thank E. Witten for stressing the importance of the monodromy. 
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The Hodge structure on H'^iV) decomposes into a "fixed part" and a "variable part" 
(as functions of V): 

H^{V;M) = Hj{V;M)®H^{V;]R) (1.11) 

where is the orthogonal complement of Hj in the Hodge metric (6*1, 6*2) := f-p 9i A 6*2. 
The "fixed" or "rigid" part is simply the space of 2-forms which extend to X. As pointed 
out in [H, since V is ample the restriction map 

I* ■.H'^{X,T) ^ H'^{V]T) (1.12) 

is injective so if^(P;IR) = if2(X;IR). Physically, the splitting ( pTTlD means the (0,4) 
sigma model splits (up to possible discrete identifications by a finite group) into a product 
of two sigma models which we call the "universal factor" and the "entropic factor." The 
terminology refers to the intuition that P should be regarded as large, so that D is a very 
large positive integer, determining the leading term in the black hole entropy. 

The CFT for the universal factor is easily described. It consists of a single (0, 4) 
multiplet with target space IR'^ x (for left- and right-movers) together with h^'^[X) — 2 
purely leftmoving bosons, i Since /3 can be shifted by large gauge transformations in 
H^{X; 2) the universal factor is just a (0, 4) Narain model with leftmoving gauge group of 
rank h^'^{X) — 2. The Narain data is obtained from the projection of H'^{X; 2) CSlR onto 
the definite signature subspaces of the quadratic form (6*1, 6*2) = /-p ^1 A^2 = /^i^^ -PA 6*1 A 6*2. 

The entropic factor is more subtle and is the focus of much of this paper. In describing 
this model we will make the important assumption that the model can be described by a 
geometrical Lagrangian (see footnote 1 above). Roughly speaking, a (0,4) sigma model 
Lagrangian is determined by a choice of target space Ai which has a hyper-Kahler connec- 
tion (with torsion) together with a triholomorphic vector bundle with connection V —>■ Ai. 
The detailed conditions on the sigma model Lagrangian are written in equations 2.13 - 
2.20 below. 

In the following sections we will argue that in our case the target space A4 of the 
entropic factor has a holomorphic projection 

p:M^W^ (1.13) 

^ Except when h^''^{X) = 1. In this case the compact scalar in is purely right-moving and 
there is no left-moving gauge bundle. 
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where the projective space is the Unear system |P|. Physically, the degrees of freedom 
describing the fibers of p have their origin in those of the self-dual two-form (3 on W^. The 
fibers are complex tori of complex dimension = — 1). Moreover, the vector bundle 
V has real rank \a{V)\- (/i^'^X) -2) = {V) -b^ (V) -{h^^^{X) -2), and the connection 
on V is vertical, and flat. 

In section 5.3 below we argue that the torsion of the connection on TA4 is zero, so 
that the metric on Ad is hyper-Kahler. This metric may be described as follows. The 
metric of the ambient Calabi-Yau X induces a metric on the normal bundle of V C X , 
and therefore a metric on the linear system |P|. This metric is Kahler, i and, by a version 
of the Calabi ansatz/c-map (0/0) there is an induced hyper-Kahler metric on T*\V\. 
Thus, the the local geometry of Ai is that of T*|P| with a hyper-Kahler structure. 

Having described the local geometry of the target space we now turn to global issues. 
There are several interesting issues one should address, but we focus on only one, namely 
the nature of the fibers of p (working locally in a patch of \P\)- The derivation of the 
sigma model Lagrangian uses the chiral fivebrane Lagrangians of [^0. Unfortunately, the 
formalism of these papers does not determine the way in which zeromodes of the 6^ left- 
chiral and 6^ right-chiral scalars are paired with each other. Therefore we must resort to 
some guess-work. 

The key motivation for our guess is that we expect that the target space of the sigma 
model A4 should be compact. Otherwise it is hard to understand how we could have finite 
dimensional spaces of BPS states. Since the linear system |P| is compact the question 
reduces to compactness of the fibers. Therefore, all the 62 (^) modes due to the chiral 
/9-field should be compact scalars. The most natural way to achieve this is to assume that 
the fiber above V is just a conformal field theory on a torus with a fiat connection, i.e., a 
Narain model. The data of the Narain model consists of a choice of lattice F of signature 
[p, q) of zeromodes of scalars and an orthogonal projection of r(S)IR to the definite signature 
subspaces defining the spectrum of left- and right-moving parts of the winding/momentum 
lattice. In our case we will take F = H^(V; 2) and the orthogonal projection is 

H^{V; Z) ® IR ^ H^'+{V] R) ± H^-{V] R) (1.14) 

induced from the metric on V. Thus, according to our hypothesis, the fibers of the pro- 
jection in (|1.13 ) are complex tori of dimension N, so we have a holomorphic integrable 



^ Warning: the metric on the linear system is not the Fubini-Study metric. 
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system. Two interesting subtleties in this discussion are, first, there is a nontrivial flat 
connection on the toroidal fibers, and second, by a mechanism mentioned in most of 
the charges in H^(V; 2) are not conserved (we comment on this briefiy in section 6). 

Finally we mention another motivation for the present work. D-brane models of black 
holes appear to have interesting arithmetic properties ||TO| , |TT| , at least for the case of black 
holes in backgrounds with 16 supersymmetries. One can entertain various conjectures 
about the arithmetic nature of D-brane black holes in Calabi-Yau compactification and 
several of these are related to questions about the numbers of BPS states dimHBPsil) for 
charge 7 G H^'^^^{X). The results of the present paper might help to elucidate the nature 
of these BPS degeneracies. Our hope is that these degeneracies can be studied using (0, 4) 
elliptic genera. 

We summarize the remaining sections as follows. In section two we review the general 
form of (0, 4) Lagrangians. In section three we review the relation between unbroken 
supersymmetry and holomorphically wrapped 4-cycles. In section four we describe in 
detail the derivation of the collective coordinates and the relation to variation of Hodge 
structures. We derive carefully the (0, 4) supermultiplets by reducing the supersymmetry 
transformations of the 6D tensormultiplet. In section five we use the Kaluza-Klein ansatz 
of section four in the chiral 5-brane action and derive the geometry of the target space of 
the (0, 4) model. In section six we comment on some of the global aspects of the target 
space model. These involve the toroidal fibers of (|1.13| ) and their relation to Narian models. 
In section seven we describe briefiy what we think are some of the most interesting open 
problems raised by this paper. Many conventions and technical points may be found in 
the appendices. Appendix D describes the close analogy of the models in this paper with 
the strings obtained by wrapping D3 branes around holomorphic curves in a K3 surface. 



2. Geometrical data for (0,p) cr-models 

In this section we summarize the geometrical data used to construct (0, 4) supersym- 
metric Lagrangians. This material is standard, and this section follows mostly |T2| , p!3[ . 

In two spacetime dimensions the supersymmetry algebra of type (0,p) is carried by p 
negative-chirality supersymmetries QL, I = I, ...p, obeying: 

{QL,Q-L} = 2S''P. (2.1) 
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In the construction of the (0, 4) sigma-models it is convenient to consider a formulation 
with only (0, 1) manifest supersymmetry. (0, 1) superspace consists of two Bose coordinates 
and a single negative-chirality anticommuting coordinate 6~ . Our sigma-model is 
defined by a map from (0,1) superspace E to a d-dimensional target manifold M., given 
by scalar superfields = 1, ...d. In general there can also be another field which 

is a section of the vector bundle S- ® (j)*V over E, given by negative-chirality § spinor 
superfields A" (x, 9~), a = 1, ...n, where n is the fibre dimension of V and S- is the spinor 
bundle over E. V is equipped with a positive definite metric hab and a connection Ai°-h with 
curvature -Fij";, valued in some subgroup of 0{n). The requirement of (0,4) SUSY imposes 
additional constraints which will be analyzed at the end of this section. The superfields 
have the following expansions: 



(2.2) 



^\x,e-) = (t>{xy + i9-'iiji{x) 
A« (x, 0-) = xlix) + ie-p^ix) 

The action for the model in terms of (0, 1) superfields reads: 
S = J d^xd6-(^{g,j{^)+b,j{^))D.^'d+^^ 

+ zA^(I)_A'; + D.<^'A,\Al)hab + imCA^hah 
where 

d d 

where Ai"-}, is the connection on V with a curvature Fij"-},- After eliminating the auxiliary 
fields and expanding in components, (|2.3| ) reads: 



(2.3) 



S = I d^x 



(2.5) 



where V*-^^ is the covariant derivative with respect to the connection with torsion 

T(±)%fc = ± H'jk (2.6) 



the subscript refers to the fact that in a free theory the ^-independent component in the 
expansion of A would be a left-moving fermion in the sense that 9_A" =0 
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ijk 



and 



(2.7) 



2.9) 



The action (|2]^) is manifestly invariant under supersymmetry transformations 

SA% = -ir]+D_Al. 

Let us now assume that ( p.3|) possesses additional supersymmetries, parametrized by an 
ticommuting parameters , r = 1 , . . .p — 1 , of the form 

= zn!; j/,($)D_$J' 

(2.10' 

where 

= 2V_A^ + mC". (2.11 

and Jn In tr are to be determined. 

Invariance of the action under ( |2.9D and ( |2.1C1| ), and on-shell closure of the supersym 



metry algebra are equivalent to the following set of conditions [13,14,15 



Jj-Jg dj-g -\- f^g J I 

N{Jr,Jg)]k=0 
FijJr [kJs'^ Fkl^rs 
Jr'^{i9j)k = 

v(+)j = o 



T c U 







(2.12) 

(2.13) 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
(2.19) 



Here N is essentially the Nijenhuis tensor. The SUSY algebra closes on-shell on A" by 
virtue of (^, (S), (|Tl), (|T|). 

Conditions (|2.12|) - (|2.17| ) can be summarized as follows [|13| : Ai admits three complex 
structures obeying the algebra of quaternions, the metric on Ai is hermitian with respect 
to all three complex structures and the holonomy of the connection T'-^-' is a subgroup of 
Sp{d/4). The bundle V ® C is holomorphic with respect to all three complex structures 
and carries an Hermitian metric hab- 
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3. Supersymmetrically wrapped fivebranes 

The low energy states of the black string S are obtained from small deformations of 
supersymmetrically wrapped cycles. Thanks to the existence of a ^-symmetric fivebrane 
action we can analyze which configurations preserve supersymmetry, following the analysis 



of \16 



The unbroken supersymmetries are the result of combining the supersymmetry = 
e with K-symmetry 5^0 = 2(1 + r)^, where the matrix F is field dependent (the explicit 



expression can be found in [jT^) and has the property that (l±r) are projection operators. 



The condition of unbroken supersymmetry is 

(1 -r)e = P_e = 0. (3.1) 

Let the M5-brane be stretched in the — directions, and consider a compact- 
ification on a Calabi-Yau threefold along X'^, X^ . We consider the wrapping of the 
fivebrane on a four-cycle V stretched in X"^ — X^ directions. The coordinates on the five- 
brane world-sheet are denoted by a", a = 0, 5. It is convenient to choose a gauge such 
that a° = X^, = X^. Also let m = 1,2 be a complex basis for X^ - X^ 

(choosing a gauge such that dX^ + idX^ is an eigenvector of the complex structure on the 
Calabi-Yau). An eleven-dimensional spinor e is decomposed as 



A(3)®Ai')®^(6) (3.2) 



where A^^^* is a spinor of 5'pm(2)oi of positive (negative) chirality, A*^^^ is a Spin{Z)s9io 
spinor and ^'^^^ is the covariantly constant spinor of the Calabi-Yau. The eleven- 
dimensional F-matrices can be decomposed as follows 

r8,9,10 ^ ^8,9,10 ^ ^(2) ^ ^(6) 

pO'i =l3 ^7°'! ^3 3) 

p2,3,4,...,7^j^^^2,3,4,...,7 

where p^^^ = ^7^7^ is the chirality operator of Spin{2)oi and p^^'' is the chirality operator 
acting on the Calabi-Yau spinors. We let TM-i...Mk = ^[Mi---^Mk]- Denoting a positive 
(negative)- chirality spinor on the Calabi-Yau by \ we can choose a normalization such 
that the following identities hold 

7mef = 0, 7np,ef = 2i J^[p7,]tf ^ (3-4) 



where J is the Kahler form for X. Also, we have passed to a complex basis for the 7 
matrices such that 7c = 7^ + ^7'* = (7c )^ ^'^d 7c = 7"^ + ^7^ = (7c We will omit the 
subscript on the complex matrices whenever there is no possibility of confusion. Equation 
( ^^) implies 

^ C-(6) — ( J- 7_ _ 7_ 7_ ^c(6) ("3 c;^ 

where we used J^n = igmn and the anticommutation relations. We thus have 

P-e± = ^ (1 ± d2X'^d3X^da''d,X'i^ {JnpJmq - (m ^ n))^ e± (3.6) 

where di = d/da'^, Ai = 2,..., 5, and we have used 7^^^^ = —4^2345 expected, 
P-e± = implies 

(dV)^ = ±L*{l-JAJ) (3.7) 

where (iV4 is the volume form of the part of the fivebrane wrapping the Calabi-Yau four- 
cycle and L*{J A J) is the puUback of J A J to the fivebrane. 

From ( |3.6| ), ( |3.7|) it follows that for holomorphic (anti-holomorphic) cycles V only e_|_ 
(e_) can satisfy P_e = 0. Thus only one eighth of the supersymmetry is preserved and 
the resulting cr-model is chiral (4, 0) ((0, 4)) 



4. The massless (0, 4) supermultiplets 

We now turn to the description of the massless degrees of freedom on S arising from 
small fluctuations around a supersymmetric wrapping of the fivebrane worldvolume on 
]Rx xV. Our method will be to reduce the six-dimensional (2, 0) multiplet along V. Of 
course, this presupposes some facts about the equations of motion. These will be justified 
in the section five. 

4-1. Reduction of the scalars 

The five scalars of the 6D (2,0) tensor multiplet, denoted X"' (cf B.2) parametrize 
the position of the fivebrane in eleven dimensions. When we wrap an M-theory fivebrane 
on a real four-cycle V inside a Calabi-Yau manifold, three scalars (call them X^'^'^*^) 
parametrize the position of the string in the noncompact dimensions, and the remaining 
two describe the position of the cycle V inside the Calabi-Yau and should therefore be 
thought of infinitesimally as sections of the normal bundle. 
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The massless scalars arise from deformations of the position of W2 x V preserving 
unbroken supersymmetry. The space of deformations of P as a complex submanifold of X 
has tangent space 

Tv\P\ = H'^iVM) (4.1) 
where M is the normal bundle. We may identify A/" = £|-p. It follows from the index 
theorem that if V is ample the complex dimension of the space of deformations of V is 
N = D + ^C2P -I. 

When we consider small fluctuations of the wrapped fivebrane on a cycle V we are re- 
ally considering a family of cycles V^p near a point V^=q in the moduli space of deformations 
of V. These fit into a holomorphic fibration 

X 

i (4.2) 
U 

where lA C \P\s is a neighborhood of = 0. The fibers of this family are diffeomorphic 
to Vip=o, but have variable complex structure. In appendix C we show that there is an 
injection 

^ H^{X, C)/(C ■ s ^ H^{V, C\t.) H^'\TV) (4.3) 
where V is the vanishing locus of the section s. By Kodaira- Spencer theory H^'^{TV) is 



the space of infinitesimal deformations of the complex structure of V ||18|| . Thus, a first 
order deformation of ip induces a nonzero deformation of complex structure. This will be 
important in the next section. 

Finally, we write out the Kaluza-Klein ansatz for the scalars describing fluctuations 
around V. Choosing a basis, vj, for (P,£|p) and a coordinate system on X so that 
dX^ -f idX'^ is normal to V we may expand, to flrst order in 99^, 

+ iX^ = vicp^ (4.4) 

to obtain complex two-dimensional massless flelds cp^ , I = 1, ...,A^. These scalars are both 
left- and right-moving. 

4-2. Reduction of the worldvolume two-form 

The chiral two-form /3 on VFg reduces to left-moving and right-moving scalars according 
to the decomposition into self-dual and anti-self dual parts as in equations ( p..9|) (|1.10|) of 



the introduction. As mentioned in the introduction, H^{V) carries a polarized Hodge 
structure of weight two. The Hodge decomposition is simply 

H^{V;T) ®C = H^'^iV) ® H^'\V) ® H^'^iV) (4.5) 

and the polarization is given by the Hodge metric. 
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Fig.l As we move in the moduli space of deformations, we may use C°° diffeomor- 
phisms to define a flat basis for H^iV]'^) in the fibers. However both the Hodge 
decomposition and the decomposition into self-dual/ antiself-dual parts change. 



It is important to bear in mind that the decomposition (|4.5|) and hence the decom- 



position of (3 into left- and right-moving scalars depends on ip. As ip changes the Kahler 
metric and complex structure on Vip varies, as illustrated in Fig. 1. This is the standard 
geometrical realization of variation of Hodge structures 0. Since the fibers are all dif- 
feomorphic we can choose a family of C°° diffeomorphisms and define a local system (i.e. 
a flat bundle) with a locally constant basis for H^(V; 2). Extending by linearity defines 
the Gauss-Manin connection on the bundle -R^7r*(C) over U whose flber at V is H'^{V). 
The Gauss-Manin connection allows us to differentiate in the (p^ direction, and is crucial 
in deriving the low-energy (0, 4) Lagrangian. 

If we choose a smoothly- varying basis Wj, / = 1, . . . , — 1) of harmonic (2, 0) forms 
on V, and W-a, a = 1, ^>2^('P), of anti-selfdual (1, l)-forms on V, then these bases will 
rotate into one another in accord with Griffiths tansversality. That is, if we define the 
holomorphically varying filtration H'^iV) = D D JF^ by 

jro = 7/2,0 ^ ^1,1 ^0,2 

jri = j/2,0 ^1,1 (^4_g^ 

^2 ^ ^2,0 

then 

V : J^^ ^ T^-^ ®n^{U). (4.7) 
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Or, in plain english, the connection matrix is upper triangular and increases p in the 
decomposition into (p, q) forms by at most one. We can split the Hodge structure into a 
fixed and a variable part as in of the introduction. The Hodge structure is fixed 

(as a function of V) because it is purely of type (1, 1) for all V. 

Finally, we write out the Kaluza-Klein ansatz for the chiral two-form (3 as: 

/3 = a + 4(7r^w/ + c.c.) +^4 J (4.8) 

The two-dimensional complex scalars tt^ and the real scalar are right-moving whereas 
the 6^ real scalars are left-moving. 

4-3. Reduction o/(2,0) tens ormultiplet fermion fields along V 

We now describe the Kaluza-Klein ansatz for the fermions in the 6D tensor mult iplet 
on W2 X V. We will expand these in terms of harmonic 2-forms and 0-forms on V. The 
conceptual reason we can do this is the following. 

The 5-brane breaks local 6D Lorentz symmetry on Wq as 

Spin{l, 1) X Spinii) ^ Spin{l, 5) (4.9) 

So the fermions are in the 4 = (-f^; 2, 1) © ( — ^; 1, 2). Moreover, the tensormultiplet 
theory has a Spin{5) = USp{4) TZ symmetry group from local Lorentz rotations in 
the normal directions (in IID) to W2 x V. The Calabi-Yau background breaks this to 
Spin{?>) X Spin{2), where Spin{3) are rotations in the noncompact normal directions and 
Spin{2) is the structure group of the normal bundle M for V in X. The restriction of the 
spin bundle on X to P decomposes as: 

S+{TX) ^ S+{TV) ® K^l'^ © S-{TV) © K'^''^ (4.10) 

but, because V is Kahler, 

S'^{TV) © K^l'^ = 0°'°(P) © 02'°(P). (4.11) 

Hence we expand the zeromodes in terms of 0-forms and 2-forms on V. 

In order to reduce the supersymmetry transformations we will need to make ( [4.11] ) 
more explicit. Our conventions for six-dimensional supersymmetry are in Appendix B. We 
choose a basis for six-dimensional F matrices to be 

ro,i = ^0,1 ^ ^(4) 

(4.12) 

F2.3.4,5_j^^ ^2,3,4,5 
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where 



ai'2'3\ , / zIoA (4-13) 





^ 


^I2 \ 




,-^I2 


y 



^2,3,4 _ 

7 - 1^^1,2,3 

We will decompose the covariantly constant spinor on the Calabi-Yau into two- and 
four-dimensional parts 

^(6) =^(2)^^ (4.14) 

We take to be anti-chiral in order to conform to the chirality of the tensor multiplet. 
Note that the Spin{2)Qj and Spin{4) 2345 spinors and ^ are not covariantly constant 
but only projectively covaraintly constant. That is, they are parallel up to a phase, and 
the phase cancels between ^^'^^ and ^. 

Again, using (|4.9| ), the 6D tensormultiplet spinors "i/^*-^-* in their turn decompose as 

=Vf-®Af,)-F^°_®ew. (4.15) 

Here i = 1,2,3,4 is a USp{4) 7^-symmetry index (see appendix B) and there is no sum- 
mation on i. Moreover, 

a[.,-|--^!:L "^111:1 (4.16) 



^^/.mnT'^'r fori = 2, 4 



and 



fOTi = M ^^-^^^ 

This decomposition is consistent with the symplectic reality condition, which with our 
conventions reads 

V'l-^iVL, i^3- = -ii^l- (4.18) 

Thus the two-dimensional spinors correspond to two complex spinor degrees of 
freedom; they carry a subscript minus since only right-moving spinors survive the wrapping 
as massless degrees of freedom. Note, for use in section 5.2 that since 7m^*-^-* = one learns 
that 7wr^ = 0. 
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4-4- Reduction of the supersymmetry transformations 

We now come to the reduction of the 6D supersymmetry transformations. In prin- 
ciple, we should take into account all the complications of kappa supersymmetry and the 
exact super isometries unbroken by the background determined by X and V. However, as 
explained in section 4.6 below, it is sufficient for our purposes to consider the reduction of 
the supersymmetry transformations from flat space. 

As a preliminary to the calculation it will prove very useful to relate the basis vj of 
( ^I^) (used for the scalars) to the basis uj of holomorphic (2, 0) forms on V. Abstractly 
this is a consequence of 

H^{V, C\v) = H^{V, Op) = (4.19) 

which follows from the adjunction formula {Kx ^ C)\'p = K-p and the triviality of the 
canonical bundle Kx of X . More explicitly we have a relation between the basis of the 
holomorphic two-forms on V, ujj^rnm and Vj given by: 

^^7 = e^C^7,^n7™r; = e''^''"'''lmn^ (4-20) 

Conversely, one can write l{vi)Q\^'^^ = iv^j^'^^ where 6 is a contraction and O*^^'^) is a 
nowhere zero holomorphic three-form on X 

Substituting the above expansions into the supersymmetry transformations of the 
tensormultiplet the supersymmetry transformation of the /3-field yields 

57r^ = -2(e,+)t(l-fzT),,V'l- 

6u^ = 2{e,+)^T,jtP^_ (4.21) 
5/9" = 

where T = 7^7^ and |(1 + iT) is a projection operator. Similarly, the reduction of the 
susy transformations for the X"" gives 

<5/ = 2(e,+)t(f(l + ^T)) V'l- ^ ^ 

(4.22 

5X«'^'^° = 2(e,+ )^7r'V?- 
The second lines in (^^211 ) and (|]2|) can be joined into a single equation 

<5«-^ = 2(e.+)t7M- (4-23) 
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where A = 1, ...4 and we have defined ■j^ ^'^'^ = ^^'^'^^ and ■j^ ^ = T, and 

^l=X^ u^=X\ u^ = X^^ (4.24) 
FinaUy, the transformation laws of the fermions reduces to 

^V'l- = ^d- (v?-^e4+ + 7r^e2+) ; ^i^i- = ^d- {-^^€2+ + 71-^64+) 



(4.25) 



where e = — ie^, 9_ = — 9o + 9i. In the first fine of ( |4.25| ) we have found it more 
convenient to work exphcitly with components. Of course the other two transformations 
(5'i/'i-5 '^'03-) cire related to the above by the symplectic reality condition (|4.18|) . We will 
give a considerably more attractive form of this equation in the next section. 

4.5. Assembling the multiplets and the Hyper- Kdhler structure 

We will now summarize the previous sections by describing the (0, 4) supermultiplets 
in terms of the a hyper-Kahler structure. 

Note first that from the above supersymmetry transformations the four real scalars ua 
and the four real component spinor tj)^ transform amongst themselves. Since this multiplet 
is present no matter what the topology of X or "P is, we refer to it as the "universal" 
multiplet. It has some nice analogies with the universal hypermultiplet of Calabi-Yau 
compact ification of type II strings. 

We now cast the susy transformations in quaternionic form. By letting w = — 
ius] z = —U2 + iui the bosonic coordinate X has the form 

Moreover if we define the quaternions 

e^(:, ^); *°^(_^, I) (-r, 

where we have set rj = ze2+; 9 = —^£4+; X = i^i-'^ 4' = V'4-7 then (^4.23| ) reads 



5X = -4i@ 
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(4.28) 



The corresponding fermionic transformation (the second hne of ( [4.25| )) becomes 



5*^ = -^a_X-0 (4.29) 

These are the supersymmetry transformations of the universal superfield in a manifestly 
(0, 4) invariant form. Geometrically, the four scalars parametrize U = IR'^ x (the U4 
scalar coming from tensor field is periodic). 
Similarly, if we define 

6Wi := DjjSlF (4.30) 



and 



Djj:= / iViAuJj (4.31) 
l-p 



we see from the supersymmetry transformations that the scalars tt^ and (p^ mix under 5^. 
Proceeding in the same manner we define 

5X^=f *'=f ?0 (4-32) 



and 

where now ( = 64+; A = 62+; = i'i-'^ ''P^ = ''Pi-- We see that the transformations 
d(p^ and dlfi are joined together since the first lines of ([4.21 ) and (|4.22 ) can be expressed 
compactly as 

= -4zH ■ (4.34) 
Similarly the fermionic transformations (the first line of ( [4.25| )) become 

5*^ = ^Ht-a_X^ (4.35) 

And once more the (0, 4) supersymmetry is manifest. It is clear from our construction that 
7f/ play the role of coordinates on the cotangent space. Thus, the target space is locally 
T* \P\ 
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4-6. Comparison with standard (0,4) models 

Now that we have determined the field content and (0, 4) multiplets let us begin to 
make contact with the general form of the Lagrangian described in section 2. Since the 
target space is locally U xT*\V\ there must beA^ + 1 = D + j^C2- P scalar multiplets. The 
scalars in these multiplets have both left- and right-moving degrees of freedom, whereas 
the complex scalars tt^ derived from ( [4.8| ) are purely right-moving. On the other hand, 
the chiral 2-form /3 also gives 6^ real left-moving scalars p". Since the signature of V is 
negative, we must pair 6^ degrees of freedom from the with the rightmovers . The 
remaining degrees of freedom correspond to the left-moving fermions denoted by 

A in section 2. We will discuss this pairing of left- and right-moving degrees of freedom 
further in section 5 below. 

We can also compare with the supersymmetry transformations of section two. Let 
= {X,9) be the superembedding coordinates and let M = (m, /i); A = (a, a) be 
"curved" and "inertial" eleven dimensional indices respectively. Lower-case Latin (Greek) 
letters denote bosonic (fermionic) components. Up to local Lorentz transformations the 
vielbein transforms under supercoordinate transformations as 5^E^ = Vm^^ where T>m is 
the covariant derivative. We see that the fermionic transformations which preserve a given 
background are parametrized by covariantly constant spinors e. The fermionic symmetries 
of the fivebrane are: 

5,Z^ = E^e''- 5^Z^ = {1 + V)p''kPe^ (4.36) 

where F is as in section 3. 

In order to recover the field content of the six dimensional (2, 0) tensor multiplet we 
need to do some gauge fixing. Upon reducing the resulting equations to two dimensions we 
get highly non-linear expressions. Ultimately we want to compare with the supersymme- 
tries of the sigma model presented in section 2 (which is quadratic both in derivatives and 
in the right- moving fermions). Such a truncation brings us back to the supersymmetry 
transformations of appendix B.2 and their reduction, equations ( (f4.34| ), ( [4.35| )). Compar- 
ing with ( p.lOp we can read off the three complex structures encoded in these equations: 
Let us choose a real basis d^p^ = 5(j)^^ + iScj)^^; Stv^ := D^'^ 5tij = d(j)^^ + i5(j)^^ . Similarly 
= + z6'2^; = -9^^ + i9^^ and C = e° + A = + ie^. With these definitions 
( [1.34| ) takes the form 

5(f)'^ = e^e'^ + e'^Jr'^jje^^, i = l,...4 (4.37) 



18 



where 

Ji = [a^ ® ia^Yjd^j, J2 = W ®l2]^5-^ J, J3 = ® ia'^Yj5^j (4.38) 
One can verify that they satisfy JrJs = —{^rs + ^rstJt)- 



5. Local target-space geometry 

The low-energy two-dimensional Lagrangian encodes the geometry of the target space 
of the (0, 4) model. We will derive this Lagrangian by Kaluza-Klein reduction of the chiral 
fivebrane Lagrangian of 

5.1. Bosonic Lagrangian 

Let us start by reducing the bosonic part of the five-brane action presented in |]^. 
The action possesses manifest general coordinate covariance only along five of the six 
worldvolume dimensions. Here we will take the distinguished direction to be the spa- 
tial direction of the two-dimensional world-sheet W2 which is taken to be fiat. For our 
conventions/definitions we refer to appendix A.2. 

The action consists of three terms 



Li = -^-det (g^^ + Gf.pGoxHP^/^/^'^ (5.1) 

L2 = -^H^^-dif]^^ (5.2) 

1 G^'^ ~ ~ 

L3 = -e^^upK\-^H>^''H'^ (5.3) 

We will use the "static gauge" X^^ = in which the above expressions simplify and we 
recover the field content of the (2, 0) six-dimensional multiplet discussed in the appendix 
B (note however that here we are using a gauge in which the antisymmetric tensor is 
effectively five-dimensional in the sense that Pifi = 0). Moreover we will keep only terms 
at most quadratic in dX and/or H. As explained before, when reducing to W2 x V the 



only nonvanishing components of the field (3 are along V. Hence (5T) - ( ^.3|) read 



Li = ^gabdf^X-d^X' - ^H^^^H^^il + gabdpX'^d^X') - ^H^^'^H^'^gabd^X'^d^X' (5.4) 

L2 = -^e^^^^ao/^AB^i/^cD (5.5) 

o 
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La = ^H^'-Hp^^gatd'X'^diX' (5.6) 

where gab is the metric on the space transverse to the fivebrane. Keeping only up to two- 
derivative terms and dropping terms with derivatives along V (which are suppressed by 
the size of V) the above expressions simplify further 

S = [ dV\l {-doX'^doX^ + diX'^diX^) gab + Ig^'^g^'^doPABdoPcD 

(5.7) 



Reducing the kinetic term of the scalars in ( ^.7| ) using ([4.4| ) we see that it gives rise to a 
term, 

I d^ad(^+ip^d_)lfGjj, (5.8) 

JW2 

where Gj-j = J^, dVG{C)vjVj, and G{C) is the hermitian metric on the line bundle C\-p = 
N{V > X) (in complex notation, it has only one component). By using a Fierz identity 
(see B.l) we can establish the metric on the space of (/j's in terms of the intersection matrix 

Gij = Djj= I uiAuJj. (5.9) 
Jv 

As for the chiral two-form, the reduction of ( |5.7| ) gives (omitting the universal super- 
field) 

^0 = / d^aid^o^id+)TVjD'^ - dop^'d.p'Dab). (5.10) 

JW2 

5.2. Fermionic Lagrangian 

Equations (|5.8| ), ( |5.9| ) and ( |5.10| ) contain some of the essential information we need to 
extract the geometric data for the (0, 4) Lagrangian. However, to extract all the data we 
must consider the quadratic terms in fermions. Therefore, we look at the terms quadratic 
in the right-moving fermions containing exactly one derivative along W2. These come from 
the reduction to W2 of the quadratic Lagrangian for fermions: 

dV\ ]^g^^g''''dof5AB0VoVcVDe+\e^'''^''do[5ABeV^VcVDe 

(5.11) 

eV^VJ + ^^ e^Pe^'^'^'^eTABCDT^Vpe , , 



W2 JV 
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where 9 is the eleven- dimensional superspace coordinate (the superpartner of the em- 
bedding coordinates X^^(a")), F's are eleven-dimensional gamma-matrices and V is the 
puUback of the spin connection from the ambient space to the fivebrane worldvolume Wq. 
This piece of the action is obtained by gauge fixing the K-symmetric action of [jl^ in a 
general curved background, keeping only the terms quadratic in 9 which involve exactly 
one derivative along W2, and discarding 0{{X"')'^) terms. The last term comes from the 
coupling of the six-form potential to the fivebrane worldvolme. 

In reducing ( |5.11| ) we can make use of the ^-symmetry to eliminate the unphysical 
degrees of freedom of 9 and express it in terms of six-dimensional spinors ifj-j (S> A^, xL ® 
(A*)/. Here ifj-i, X- ^-re two-dimensional Weyl spinors and A^ are four-dimensional Weyl 
spinors (see section 3.2 and appendix B). The six-dimensional F-matrices decompose as 
in section 3.2. Suppressing internal (along V) covariant derivatives on the spinors, the 
reduced action can be cast in the form (the universal superfield is not included) 

/ d^ad+ip''[i^-j)^i;-inl' + ixiVxin^jj] + cc. (5.12) 

where we use the same conventions for the two-dimensional fermions as in section 3 and 



we have defined 



Jv Jv 



where V/ is the covariant derivative discussed in section 4.2. 



We will now analyze the meaning of the "coupling" of ( |5.13| ) to extract the target 
space geometry. As in section 4.1 we consider a family of surfaces near Vip=Q. With 
respect to our basis of holomorphic two-forms V acts in the following way: 

Vjujj = [Tj]^iuj, (5.14) 

where x G {/, /, a} and [F j] is the (f>- dependent Gauss-Manin connection matrix. There- 
fore 

dKDj-j= / VkojiAuj= / [VK]^IUL^i^J, (5.15) 
Jv Jv 

where we have defined di = On the other hand A/ = ^7(7'^^))^ , 7*^^) = 7'^7^g|x ® 
and it's easy to see that 

•'^ _ (5.16) 

= / dVih^^UJ-j—[VKTjUJ^ABl''''i = dKDj-j. 

Jv 

For the last step we have used ( ^.15|) , the fact that 7^^ = (as in 4.3) and a little bit 
of gamma-matrix algebra. We conclude that T^j^-jj is just the Christoffel symbol of the 
manifold \V\ with Kahler metric 
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5.3. Comparison to the standard (0,4) Lagrangian 

Let us now assemble the data we have gathered and compare to the standard La- 
grangian speUed out in section two. The part of (the bosonized version of) the (0,4) 
action ( p.5|) containing aU one-derivative terms quadratic in fermions is 

r-i^^jad+p' + rl+^d+cj,'^]. (5.17) 

where p", d = 1, . . . , 6^ — 6j is the set of purely left-moving scalar fields. 

Comparison to (|5.12|) implies that the 6-field and the gauge connection of the vector 
bundle over the target-space are flat, and that the metric on the target-space is 

ds^ = D{ip,ip)jjdip^dTp^ + D{(p,Tpy^{Vw)i{V7r)j (5.18) 

where D^-j is the intersection pairing defined in ( |5.9| ). Since the connection on TAi has 
no torsion supersymmetry requires that the metric ( |5.18| ) is hyper-Kahler, and indeed, 
gives a way to prove the hyperkahler property of the metric. Using the supersymmetry 
transformations ( [4.37| ) and the fact that (0, 4) symmetry is unbroken, it follows that the 3 



complex structures in (|4.38| ) are covariantly constant. H 

It is interesting to compare the metric with the c-map construction 0. The metric 
there reads 

ds^ = Djjdif^ dJp^ + D"(yTf)i ® (V7r)j (5.19) 

(note that in this case Dj-j = Djj) One has three closed two-forms cu^, uj'^, uj^ where 
uj^ is the associated (1, 1) form and cu^'^ are the real, imaginary parts of d(f^ A (VtT)/. 
Setting d(f^ = d(p^^ + idcp'^^; (Vtt)^ := D^'^{Vn)j = d(f)^^ + id(j)^^ , the metric takes the 
form ds^ = Giijjdcj)^^ ® dcj)^"^ , where Gujj = Dj-jSij. The three two-forms can be used 
to construct three complex structures Jr^^ jj := G^^''^^ ^Ik jj which in components read: 
= [a^ o ia'^YjS^j, J2 = [icr'^ (g)l2]'j5^j, J3 = [a^ ® ia^Yj6^j. These are exactly the 
same as in (^4.38| ). 



It would be desirable to have a more direct, and more standard proof of this fact. This is 



being investigated in [|19|. 
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6. Comments on the global structure of the target space 

6.1. Narain theory in the entropic factor 

We now consider to the periodicities of /3, needed to determine the global structure of 
the fibers of p in ( p. .131) . As we have stressed in the introduction, we expect the target space 



to be compact. Therefore, while the local target manifold is IR'* x T*|P|, the fibers should 
be compactified, maintaining the hyper-Kahler property. The most natural (perhaps the 
only) way to do this is to take a quotient by a lattice in the fiber of T*\V\ so that the 
fibers of Ai are complex tori. 

Passing to a real basis {wj, / = 1, ... 6^} of self-dual two forms on V we can expand 

(3 = tt'uj + p'^Ua (6.1) 

and reexpress ( p.lO|) as 

^0= / d^a{do7r'd+7r^Djj-dop''d.p''D,t,). (6.2) 

JW2 

where Djj = j^uj j /\uj j. Thus the metric is diagonal on left- and right- movers. However, 
the information of how to "combine" the zero-modes of the left and a right-moving bosons 
to define the statespace of the full conformal field theory is not contained in ( |6.2| ). This 
has to be imposed ad hoc. 

Our ansatz is that the Lagrangian in ( |6.2| ) is a Narain cr - model with non-trivial 
Narain data: a constant metric, a constant torsion, and Wilson lines. Thus, we take the 
periodicities 

^^13 + n^'U^, G Z (6.3) 

where we have introduced a basis {U^, x = 1, ... 62} of H^{V, 2). The data for the zero- 
modes of the scalars are encoded in the projections onto the definite signature subspaces: 

P : if2(P;Z) ®IR ^ H^-{V;M) ± H^+{V;M). (6.4) 

In particular, the left and right-moving momenta are just p = {F^n^ea] f^n^Sj), where 
-^x = j'p'^a /\ U^'i fi = j-p^i /\ t^x, and e^ is the vielbein for the metric Dab and ej is the 
vielbein for -D/j. 
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6.2. Charge violation by instantons: The "MSW effect" 

The Narain model of the previous section is somewhat pecuhar because the conserved 
U{1) charges coupUng to the string are in the lattice which is a (small!) sub- 

lattice of H'^iV] IL). This puzzle was resolved in as follows, i The charges if^('P; 2) 
are conserved in the (0, 4) sigma model studied in this paper, but they are violated by 
membrane instanton processes in the full M-theory. As mentioned in [|| if a state in the 
(0, 4) CFT is charged under an element in H^{V; 2) which is not in H^{X; 2) it will decay 
to a state charged in H^{X] 2). Indeed, since the map ( p. .121 ) is injective the dual map: 



if2(P;2) ^i^2(^;2)-^0 (6.5) 

is surjective, and hence has a large kernel. Elements of the kernel are nontrivial surfaces 
[E] G H2{V] TDj which bound a 3-ball in X, E = dB. It is possible to have a membrane 
instanton whose worldvolume is B because the equation 

= -g(M2)5(E ^ We), (6.6) 

where H = dP and Q{M2) is the membrane charge, allows membranes to end on five- 
branes [2^. Since this process uses M-theory instantons, it will only be important near 



degenerations of V. 

One interesting question raised by this "MSW effect" is whether states on the Sbrane 
can carry torsion charges. The kernel of is a sublattice of H2{V]^). We claim that 
under Poincare duality PD : H2{V; 2) H^{V; 2), we have PD(ker t*) = l*{H^{X; Z))^ 
where the orthogonal complement is in the Hodge metric of V. To prove this note that if 
[S] G ker then its Poincare dual form r^x; ^ H^{T^] 2) satisfies 



??eA6*(^)= / e (6.7) 

for all 6 G H'^{X] Tt). Since l*{H'^{X; 2)) is not unimodular while H'^{V; Z) is unimodu- 
lar, the sublattice l*{H'^{X; Z)) © i*{H^{X] TL))^ will have finite index in 2). The 

quotient group is a (large) group of potential torsion charges. We say "potential" because 
we do not fully understand the model globally on |P|. It would be interesting to under- 
stand how the above torsion charges can be understood in the framework of the K-theory 
interpretation of D-brane charges [pT],E2I . 



^ We thank J. Maldacena and E. Witten for important clarifying explanations about this 
process. 
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6. 3. Narain data for the universal factor 

It is possible to be much more explicit about the Lagrangian for the universal multiplet. 
Just as for the rest of the fields, its action follows from the reduction of (|5.7|) and (|5.11J ). 

Let {J, 6'a; A = 1, . . . h^^^{X) - 1} be a basis of if^'H^, IR) such that 6'a restricts to 
a basis of anti-self-dual forms on V. Moreover, let {Yy^; = 0, . . . h^'^{X) — 1} be a basis 
of H^'^{X, 2). The part jSu of the chiral 2-form contributing to the "universal" multiplet 
is expanded as 

I3u = u^J + p^Ok (6.8) 

with the periodicities 

l3u-^Pu + n'^Y^- n^GZ. (6.9) 
The universal multiplet is governed by the action 

Sun= / d^a{DoodoU4,d+U4,- DxA'dop^d-p^'} (6.10) 

where L>aa' := /-p A = P A ^a A ^a'; Dqq := J A J = 2Vol{V). 

Repeating the analysis of section 6.1 we see that the left /right-moving momenta are 
given by 

p = (F^n'-eA; f^n^e^) (6.11) 
where := 6a /\Y^; f^ := J AY^ are the projections 

P : if2(X,Z) ®IR ^ if2+(X,lR) ©if2-(X,lR), (6.12) 

and ga (eo) is a vielbein for the metric -Daa' (Dqo). The self-dual (right-moving) piece is 
generated by J. The the radius R of the 5"^ in the target space is given by = -^V ol{V) , 
when h^'^[X) = 1, and by more complicated formulae in general. 

6.4- Effects of the M-theory 3-form 

Finally, let us comment on two effects that happen when we turn on the C3 field of 
the eleven-dimensional supergravity. 

First, in the Kaluza- Klein reduction of M theory on X the field C3 gives rise to 
h^'^{X) five-dimensional vectors (together with KK modes from the metric these form the 
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gravity multiplet and h^'^{X) — 1 vector multiplets). The coupling of C3 to the fivebrane 
worldvolume induces string couphngs to the background gauge fields 

/ d^a{AXd-p^'DAA'+A^_d+u^Doo} (6.13) 

where A^ are the abelian vector fields and A'^ is the graviphoton. Such couplings are also 
important for cancellation of anomalies in the gauge transformations in the presence of the 
string [|3|. Since the projections in (|6.12| ) already encode Narain data, including the flat 
connection on the gauge bundle, we see that turning on C3 just shifts the gauge fields. 

Second, the Sbrane action consists of a Dirac part and a WZ part. In the Dirac 
part the fieldstrength of the chiral 2-form enters through H = d(3 — C^. In the Kaluza- 
Klein reduction this leads to shifts of the periodicities of the chiral scalars, for example, 
d+n^ d+n^ + . If C3 = dX^ A 9, with 6 G if^(X;IR) then the Narain vectors are 
shifted by p — s> p + 0, leading to a shift in Lq — Lq. If we consider the corresponding IIA 
picture this is in accord with the Witten-effect shifting of the DO charge: 

A(Lo -Lo)= j^(^pAe+^9A9y (6.14) 

where we have identified p with the first Chern class of the Chan-Paton bundle on the D4 
brane. 



7. Conclusion: 5 problems on 5 branes 

First and foremost it would be good to extend the discussion in this paper to under- 
stand the global geometry on |P|. This consists of at least two important sub-problems. 
First, we have restricted to an open neighborhood in \P\s. It would be interesting to take 
into account the effects of monodromy. Second, the 4-cycle V will degenerate on a codi- 
mension one discriminant locus "D = |P| — |P|s of the linear system. The generic singularity 
will be a rational double point. Many interesting and important questions depend crucially 
on understanding what happens to the (0, 4) model when the fivebrane degenerates. In 
2^ a drastic degeneration with D points of self-intersection was successfully used to count 



black hole entropy at leading order in large charges. 

Second, as mentioned in the introduction, one of the original motivations for this work 
was to find a state-counting formula for BPS states in M-theory compactifications which 
are macroscopically 4d black holes with 8 supersymmetries. We believe that combining 
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the elliptic genus of (0, 4) models studied in ||2^ with the results of this paper one can 
derive formulae for the BPS degeneracies. This idea is currently under investigation. 

Third, it would be nice to clarify the status of the above model as a CFT. Since 
the cr-model described in this paper is rather elaborate, it would be nice to have a clear 
understanding of whether the entropic factor is, in fact, a conformal field theory (and if 
not, what it flows to). Moreover, it might be useful to find a linear sigma model which 
renormalizes to the above nonlinear model. This would be possible if the metric on T*|P| 
were given by a hyper-Kahler quotient. Thus, an interesting question raised by this work 
is whether there is a sense in which the metric on T*|P| induced by the Calabi-Yau metric 
becomes the hyperkahler quotient metric in the limit of large P. 

Fourth, it would be nice to extend the discussion to fivebranes with even less super- 
symmetry, leaving a (0, 2) string. Such configurations would appear if the Mb worldvolume 
is near a boundary, as in the Horava-Witten picture. At a formal level, much of the above 
discussion generalizes to the (0, 2) case. However quantum corrections are expected to be 
much more important here. 

Fifth , if the M-theory compactification has a heterotic dual then there must be a 
description of the same strings in the heterotic picture. Indeed, in the case X = K3 x 



with V = K3 one reproduces the heterotic string itself [26,27|. However, in the case of V 
defined by a class P with P large there will be a large number of left- and right-moving 
degrees of freedom. Because of the MSW effect it is not obvious that these charges should 
really be visible. We think this is worth understanding better. 
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Appendix A. List of some notation 

A.l. General notation 

^[i---k] = for a /c-form A 

a = 0, 1: the directions afong the string world-sheet 
a = 6, ...10 : the directions transverse to Wq; 
(a = 1, ...6^ also enumerates the basis vectors of H'^~(V)) 
a = 1, . . .6^ - 6j 

A,B = 2, ...5 : the (real) directions along V. 

P The chiral 2-form of the Sbrane 6D tensor mult iplet. 

7^^, r-^, 7": Gamma matrices defined in sections 3, 4.3 and Bl. 

7^ — 7*: matrices defined in section 4.4 (below ( |4.23| )). 

Dab = J-p^^a^ 

if^'^(X)-^: The subspace of if^'^(X) "orthogonal" to J, see section 4.1. 

H^'^{V): the spaces of self-dual, antiself-dual 2-forms on V. 

^A, A = 1, ...h^'^iX) - 1: a basis of H^'^{X)^. 

i = 1, ...4: a USp{4) index, except in section 2. 

1 = 1, ...^(6^ — 1), except in section 2. 

/ = 1,...6+ 

J: the Kahler form on V and on X 

C: the holomorphic line bundle over X , associated to the divisor V. 

M = 0, ...10: the spacetime index 

yu, = 0, ...5 : the directions along Wq. 

171,171 = 1,2 : the (complex) directions along V. 

N The number of (0,4) multiplets. Defined in ( |1.3| ). 

LJ-a, a = 1, ...6^: a basis of H'^~{V). 

uji {ivj), 1=1, ...i(6^ - 1): A basis of H(^''^\V) (i?(0'2)(P)) 

ujf, i = 1,... b+: a basis of H^+{V, IR) 

V: A generic smooth holomorphic surface inside X. 

\P\s The locus of smooth divisors in the linear system |P|. 

P: The cohomology class in H'^[X; 2) dual to the 4-cycle V. 

— a^: the coordinates on Wq 
C/x, x = 1,...62(P): abasis of i72(p,Z) 
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Yw, w= a basis of H^'\X,:Z.) 

X A Calabi-Yau 3-fold, used for compactifying M-theory. 

X^{a) : the embedding of Wq to the eleven-dimensional spacetime. 

the covariantly constant spinor of the Calabi-Yau. 
^: the component of ^^^^ along V (in a local decomposition). 

A. 2. Conventions for Section 5.1 

fLjU = 0, ...5 : the directions along Wq. 

— 0, 2, ...5 : omitting the "distinguished" direction. 
(t'^ : the coordinates on Wq. 
Gjiu = VMNdfxX^dpX^ 
Gs = det{G^,) 

HfXl/p = 39[^/3iyp] 



Appendix B. (2, 0) tensor multiplet 

B.l. The conventions 

In this section we work in six-dimensional Minkowski space. The /^-symmetry group 
for the theory with sixteen real supercharges is 5*0(5). Let a = 1, ...,5 (the index a is 
5*0(5) Euclidean) and /U = 0, 1, ...5. A basis of gamma-matrices 7" in five- dimensional 
Euclidean space can be constructed as follows: 



7 - 1 ^1,2,3 ), 7 - Q I , 7 - I Q (i^-Lj 



In checking the susy transformations of the (2,0) multiplet of B.2 it is more convenient to 
work in a slightly different basis than the one we used in 4.3 for gamma-matrices in 
six- dimensional Minkowski space: 



where 

^o_/ lA. 1,2,3 _^ ai'2,3X /i^ 



(B.3) 
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In this basis the charge-conjugation and the chirahty matrices are 
where 



with e given by 

-1 

The real, antisymmetric tensor of USp{4) obeys 

n = -Q-i; 0(7"")^^ = (B.7) 
We can write Vt in this basis exphcitly 

0=f7 °^ (B.8) 



For an (anti)chiral Spin(l,5) spinor 6i, z = 1, ...4 transforming in the 4 of USp{4) [i is a 
t/ S'p(4) index) the symplectic-reahty condition reads 

6, = n.jce]"- = -n^jOj'^c (b.9) 

where 9 = 6'"'"7°. 

B.2. 6D supersymmetry 

The 6D (2,0) multiplet consists of a self-dual (on-shell) antisymmetric two-form 
four six-dimensional Weyl spinors i = 1 . . .4} obeying the symplectic reality condition 
(B.9), and five scalars {X", a = 6, ...10}. In other words, under the little group Spin{4) x 
USp{A) , (3^^, ip, X" transform in the ((3, 1); 1), (4; 4), ((1, 1);5) respectively. After the 
elimination of the auxiliary field introduced in the covariant formulation of the fivebrane 



of 113, supersymmetry closes on-shell. 

The susy transformations are (suppressing the USp(4) index on the fermions): 

= -2e7"V^ 

5^ = Q7Ma^X«7„ + ^7^"''i^M-p) e (B.IO) 
where H^^jp = d[^[3^gy Using these equations one checks that the algebra closes on shell. 
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Appendix C. Some remarks on Kodaira-Spencer theory 



In this appendix we show (|4.3| ). Let X be a complex manifold with a divisor V. There 
are two exact sheaf sequences which we are going to use 



^ 0{TV) 0{TX\v) ^ 0{C\v) ^ 0, 



(C.l) 



which is a sequence over V, and 



^ 0{TX ® [-V]) 0{TX) 0{TX\p) 0, 



(C.2) 



which is a sequence over X. From the long exact sheaf- cohomology sequence associated to 
( |(J.1D we obtain: 

> H^{V, C(TX|p) ^ H^{V, 0{C)) H\V, 0{TV)) H\V, C(TX|p)) ^ ■ ■ ■ 

(C.3) 

Since H^iV, 0{TV)) = H^'^iTV), in order to show that the mapping (|4.3|) is injective, it 
suffices to show that H^{V, 0{TX\'p)) = 0. For this we will use the following part of the 
exact long sheaf-cohomology sequence associated to ( |C.2|) : 

> H^{X, 0{TX)) H^{V, OiTXlr)) H\X, 0{TX ® [-V])) ^ ■ ■ ■ , (C.4) 

where we noted that C>(TX|p)) = H*{V ,0{TX\t,)). However H^{X,0{TX)) ^ 

if°'0(TX) = H'^^^{X) = (where the last equivalence can be seen using the existence of a 
unique nowhere- vanishing holomorphic three-form on X). Moreover using Kodaira-Serre 
duality we have 



where the last equality is due to the fact that C is associated to the very ample divi- 
sor V, and we can take ci(£) to be arbitrarily large. Thus it immediately follows from 
that if°(P,0(TX|p)) = and hence is indeed injective. One can show that 



H^{V,0{TX\v)) = H^{X,0{TX)) = H^^\TX) = H^^^X) ^ so we cannot conclude 
from ( |C.3| ) that ( ^.3| ) is surjective. 



Hi{X, 0{TX ® [-V])) ^ H^-\X, n^{C)Y =0; Q = 0, 1, 2, 



(C.5) 



31 



Appendix D. D3 on K3 and the (4,4) a-model 

Although outside the main line of development of this paper, it is worthwhile discussing 
the properties of (4, 4) models within the framework of this paper. For a recent account see 
||28|| . Here we address some complementary issues. To obtain a (4, 4) model we will consider 
a D?> wrapped on a holomorphic two-cycle (a Riemann surface) V inside X = K?> (whenever 
it doesn't lead to confusion, we will keep the same notation as for the corresponding 
discussion in the case where X is a Calabi-Yau three- fold) . This is a much simpler system 
to analyze, since all the scalars coming from the reduction to the string world-sheet of the 
DS-brane low-energy lagrangian, are non-chiral. The number of left and right-movers is 
given by a formula similar to the one for the fivebrane: 

Nf =Ni =dp + bi{V)+4: (D.l) 

The (bosonic part of the) gauge theory on the worldvolume involves a vector field 
and six scalars. When wrapped on the two-cycle, two scalars A"*, A^ will parametrise the 
deformations, yielding dp scalars on the string worldvolume, while the other four A^ — A^ 
will form the universal superfield (here, in analogy to the discussion for the Mb, we consider 
the L>3-brane to be along A'^ — A"^ while X is taken along A^ — A^). In this case, the 
universal superfield does not contain compact scalars, and is given simply by IR^. In its 
turn, the vector field gives rise to bi{V) scalars. Note that the Kahler form no longer 
appears in our analysis of the scalar spectrum and the structure of the universal superfield 
is considerably simpler. More precisely, the counting goes as follows 

xiV)= f ci(P) = - / p2^2-6i(P), (D.2) 

Jcp J X 

where as before we have set P = ci{C) = —ci(V). On the other hand 

dimX 

X{C) = J2 i-iyh\XX) = h%X,C), h\X,C)^dim^H\X,C) (D.3) 

1=0 

where the last equality follows from the fact that V is very ample, and 

h\X, C) = J^ e^Trf(A) = ^ ^ lc2(A)) . (D.4) 

Taking ( p.2| ) into account and the fact that x(^) = Jx '^'^i-^) ~ ^4 for A = K3, we finally 
get 

dp = bi{V) = 2D + 2, (D.5) 
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where again dp stands for the real dimension of H^{X,C) and D = ^ as before. 

The (4, 4) action follows from the reduction of the Born-Infeld action for D?> 

1 ^ 

L = --F2 + ^a«X"a"X" + ... (D.6) 

o=4 

Let {uji{(p), / = 1, . . . , ^61} be a basis of holomorphic one- forms on V^^. We can write the 
gauge field in terms of this basis 

A"^ = TTiu^'"^ (D.7) 
Moreover, to the first order in ip we expand 

+ iX^ = ip^vi, (D.8) 

with {vj} a basis of holomorphic sections of C-p. 

The c-map works in the same way as in the case of [0, and we obtain the result that 
all the terms in the reduction of ( p.6|) come from a Kahler potential of the form 

K = K{ip, Tp) + D^'^rciWj; Djj = didjK, (D.9) 

Again supersymmetry mixes the scalars effectively doubling the coordinates and yielding 
a target space of real dimension 2hi = AD + 4. 

Finally, the coupling of -D3 to background RR fields gives rise to the cr-model 6-field. 
In particular we have (j)^^F A F, where the RR scalar has to be kept fixed in the 
D3 background. The discussion of the compactness of the target space as well as the 
dependence of the cr-model data in terms of i^3 geometry follows the generic Calabi-Yau 
constructions. 



To prove this, one should use uJi = 
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